The decay of wing-tip vortices under the in uence of turbulence in a stably strati ed atmosphere is discussed by means of large-eddy simulations. The vortices originate from a B-747 aircraft in cruise. Atmospheric turbulence and turbulence originating from the boundary layer around the aircraft are distinguished. The former is weak and anisotropic with eddy sizes in the order of the wing span, whereas the latter is wrapped around the vortices with the maximum intensity at the core diameter. During their descent, the parallel vortex tubes approach each other because strati cation and turbulence detrain mass into the ambient air. The atmospheric eddies deform the trailing vortices such that their spacing varies. This, in turn, yields different mutually induced velocities that amplify the deformation quickly according to Crow's instability theorem. The bent vortex tubes link after about 1.5 min and form rings. The continuous trail of turbine exhaust is reorganized in a row of single puffs. Without any atmospheric turbulence the vortices approach each other but remain parallel. They start to dissolve after 2 min when they touch. This dissolution is triggered by the small-scale boundary-layer turbulence. The exhaust trail remains aligned along the ight track.
I. Introduction
T HE life cycle of the aircraft wake and the exhaust jets is conveniently divided into three phases: During the jet regime, the exhaust from the turbines is entrained into the two counter-rotating wing-tip vortices, which at the same time roll up from the sheet of vorticity around the wings. In the following vortex regime the vortex pair propagates vertically downward by mutual velocity induction. Most of the exhaust is stored in that primary wake and, hence, also sinks below ight level. However, as the primary wake moves downward it produces a wake itself, the so-called secondary wake, because the baroclinic force leads to detrainment of some of the exhaust and leaves a thin curtain of exhaust above the sinking vortex pair. Turbulent mixing increases that detrainment. The vortex regime is followed by the dissipation regime when the organized wing-tip vortices break up into an unorganized (turbulent) wake ow and its energy dissipates to the background level. In that phase the highly concentrated exhaust in the primary wake is suddenly released and diffuses quickly. 1 Although the principal processes controlling the life of such vortices and the distribution of the turbine exhaust are well known, the effect of turbulence at various scales upon the decay process is rather unclear and joins the role of stable strati cation. Both are still subjects of controversy in the literature. 2 -7 Turbulence originates inherently from the unstable vortex sheet behind the trailing edge of the wing, including turbulence from the boundary layer around the airplane and from the exhaust jets. Turbulence also is often a ow state of the surrounding atmosphere. Both kinds, however, differ considerably in strength and length scale. Motivated by the need to assess the impact of aircraft emissions upon the atmospheric state and climate, we consider an ambient ow typical for the height of the tropopause where airliners cruise. There, local zones of wind shear of breaking gravity waves cause turbulence, 8 ;9 which is anisotropic and very spotty in space and time. Moreover, the atmosphere is stably strati ed at that height most of the time.
In this study we want to investigate how turbulence of both sources (from the aircraft and the atmosphere) affects the decay of the vortex system behind a cruising aircraft in a stably strati ed environment. The aircraft under consideration is a B-747. We utilize the method of large-eddy simulations (LES). Similar studies have been undertaken 10 but without discrimination between boundarylayer and ambient turbulence. In a previous paper 11 the vortex-ow behavior and its interaction with the exhaust jets in the near eld (jet regime) was simulated and analyzed. Now, we present those LES results that characterize the vortex and the dissipation regimes of wakes exposed to different sources of turbulence and focus mainly on the description of the wake dynamics. In a third paper 1 we analyzed the diffusion of the exhaust by computing the diffusion and dilution measures throughout the entire wake life cycle.
The LES model and the initial conditions are outlined in Secs. II and III. In Sec. IV we present the main results concerning the role of turbulence on the wake decay and illustrate the distribution of the exhaust in Sec. V. LES data and in situ measurements are compared in Sec. VI. Some conclusions are drawn in Sec. VII.
II. Numerical Model
We use a LES code that has been developed for studies of strati ed, sheared, and homogeneous turbulence. 12 The code has been extended to allow for superposition of three-dimensional aircraft wake elds. The LES code works in an Eulerian space-xed framework and solves the mass conservation equation, the unstationary, incompressible, three-dimensional, Boussinesq-approximated Navier-Stokes equations for the velocity vector .u; v; w/, the energy equation for potential temperature µ as the deviation from the mean background state 2, and the conservation equation of a dynamically and chemically inactive exhaust concentration, normalized by its maximum initial value c. Using the summation convention the equations read, respectively,
where¯and g are the volumetric expansion coef cient and the magnitude of the gravitational acceleration and ± i j is the Kronecker symbol. The gradient of the mean temperature of the atmospheric background d2=dz is constant in space and time.
The subgrid-scale uxes (denoted by primes) are modeled by Smagorinsky's approach:
where º t D . 14 have shown that more sophisticated closures are not necessary here because the subgrid-scale energy of the ow (including wake ow and ambient turbulence) amounts initially to less than 5% of the resolved energy and decays with time. The physical elds are discretized on a staggered grid and integrated in space and time by second-order nite differencing. The integration scheme is nondissipative and only weakly diffusive. All boundaries of the computational domain are periodic.
The domain coordinates are chosen such that the B-747 aircraft with a span of 60 m ies in the ¡x direction, the direction y extends from the left to the right side of the aircraft, and z denotes the height. To keep simulation costs at a minimum and the problem size small enough to t into available computer resources, the size of the computational domain is kept as small as possible and increased in distinct steps when necessary. This need requires a mapping of the elds from a given domain with high resolution into a larger one with coarser resolution. The domain size of the rst simulation step covers . L x D 408 m is chosen to cover the most unstable mode for a B-747 according to Crow's theory. 15 Because the ow varies in ight direction at rather large scales (near-to-homogeneity during jet and vortex regimes), the mesh size 1x can be much larger than 1y or 1z. The numerical time step varies between 0.004 and 0.05 s.
Tests showed that the ow was suf ciently resolved in each domain: coarser grids caused unadmissibly high numerical diffusion, whereas a ner grid did not change the vortex properties significantly. Moreover, in our simulations the vortex pair achieves an average sinking speed of about 97.7% of the theoretical value. The mapping consists of a simple copy of data from every second mesh of the ner grid to every mesh of the coarser grid. Outside the subdomain of the former ner grid, the data are extrapolated in the extended ight direction x but set to zero in y and z. The latter causes a layer (one mesh thick) of arti cial vorticity inside the new (larger) domain at meshes along the boundaries of the mapped (smaller) domain. This arti cial vorticity yielded values around 1% of the physical vorticity, and, thus, its effect on the ow evolution was neglected. Periodic boundaries led to undesired mirror vortices. The domain, however, is large enough that the vortices are not signicantly in uenced by their mirror images: The domain size in span direction L y is 4.1 (for t · 7 s) and 5.4 (for t > 7 s) times larger than the spacing between the two mature vortices. According to other estimates, 10 this size is enough to keep effects of the mirror vortices beyond the periodic boundaries below a few percent.
III. Initial Conditions
The simulations cover the period from the early jet regime (1 s) until the dispersion regime. The exhaust distribution in the early wake, and, therefore, the chemical and microphysical processes involved, is very sensitive to the positions of the turbines relative to the wing tips of an aircraft. 16 After 1 s the exhaust plumes are already shifted by several meters below the level of the turbines and toward the evolving vortex centers. At that time the wing-tip vortices are not yet fully rolled up. In contrast to other investigations, we therefore treat vortex roll up and exhaust dilution simultaneously.
The input data are selected such that they resemble a typical case in terms of a cruising aircraft, ight condition, and atmospheric state. 17 The mean state of our model atmosphere in the tropopause region is motionless but stably strati ed with a pressure of 215.9 hPa at 11.3 km height, a density of 0.35 kg/m 3 , and an absolute temperature of 214.3 K (potential temperature of 332.1 K). The temperature gradient of the atmospheric background is in terms of the BruntVäisälä frequency N D .¯g d2=dz/ 1=2 D 0:014 s ¡1 . The B-747 aircraft with a span of 60 m and a weight of 2:5 £ 10 6 N cruises at a speed of 247 m/s, resulting in a maximum circulation of 0 0 D 600 m 2 /s. The wings have elliptical circulation distributions, i.e., the initial vortex spacing b 0 is 47 m. Included are also the dynamic, thermodynamic, and gas concentration properties of the exhaust jets from the four turbines. The initial elds of u, v, w, µ , and c have been provided by a vortex lament technique coupled with a jet expansion model. This technique computes the ow eld, which is induced by a series of vortex laments along the wing (BiotSavart law) and the initial free expansion of the buoyant jets. The technique and the interface with the LES code is described in detail in Ref. 10 . When the LES start at a wake age of 1 s, the maximum swirl V C amounts to 12.3 m/s at a core radius of R C D 4 m, and the exhaust jet still has a maximum velocity excess of 18 m/s being about 10 K warmer than the ambient air.
In the turbine jets as well as around the aircraft, turbulent boundary layers develop, which quickly are incorporated into the trailing vortices. Like most of the exhaust mass, the largest turbulence uctuations are situated around the vortex cores at distance R C from the centers. Such turbulence increases mixing and may accelerate the decay process of the wake. In the LES we model the boundary-layer turbulence by adding initially a three-dimensional random perturbation eld to the swirling ow such that the perturbation reaches its maximum rms value of 0.16 V C (D2 m/s) at R C and decays exponentially for smaller and larger radii. This approach became justi ed recently by Devenport et al., 18 who measured a laminar ow inside and a turbulent ow just outside the cores of young wing-tip vortices. Likewise, we add a uctuation to the turbine jets with a maximum of 3 m/s, and temperature and exhaust concentration elds are not disturbed.
Turbulence in the tropopause region of the atmosphere is very spotty in space and time. Most aircraft encounter turbulence in a rather weak state. The design of atmospheric turbulence in the LES is based upon data reported from the measurement campaign in the North-Atlantic ight corridor near the tropopause. 17;19 There, in situ measurements show variances of the wind speed of 0:07 § 0:03 m 2 s ¡2 horizontally and 0:011 § 0:004 m 2 s ¡2 vertically when the wind shear ranges between 0.001 and 0.006 s ¡1 . Such a ow state at the atmospheric microscale can be modeled by weak, anisotropic, and decaying turbulence in a stably strati ed environment, where almost horizontally oriented eddies cause the mixing. Our initial turbulence elds obey prescribed spectra. To account for the vertical anisotropy of the atmospheric ow at the microscale, we discriminate between horizontal and vertical velocity variance density spectra E h i and E v i for each ow component i . The spectra have random phases and read for decaying turbulence 20 :
where C i contains the mean variances and normalization factors, k and k p are the wave numbers and peak wave numbers, and D 0) . The chosen peak wave numbers produce horizontal length scales of the most energetic eddies of about 60-90 m, which may represent a typical size when considering the experiences of a slightly bumpy ight. During the initialization step, the atmospheric turbulence elds, which satisfy the continuity condition, are superimposed to the wake elds just described. The initial velocity variances in our LES are larger than the values measured in the North-Atlantic ight corridor in order to account for the rapid decay in the initial transient ow phase in the LES. 19 To elaborate on the effect of turbulence upon wake decay, three cases are discussed now: no turbulence in case N, aircraft boundarylayer turbulence in case B, and weak atmospheric turbulence (together with boundary-layer turbulence) as the typical case of a bumpy patch along ight tracks at cruising heights in case A. All cases assume a constantly strati ed atmosphere. Simulations N and A terminate at a wake age of 157 s. Case B proceeds until 310 s. Figure 1 shows the time series of wake and jet ow quantities for cases N, B, and A in terms of the maximum values of the velocity components, the pressure minimum as deviation from the ambient pressure, the distance traveled vertically by the vortex pair, and the maximum absolute temperature excess of the exhaust. As long as the vortex cores are intact, these quantities can be attributed to the 
IV. Turbulence and Vortex Decay
distance h is deduced, in the vortex cores the warmest exhaust is found, and u describes its maximum speed. (The component w is smaller than v because, as the upward velocity component, it is reduced by mutual induction of the downward trailing vortex pair.)
In all cases the exhaust jet properties decay very fast initially, whereas the maximum swirl diminishes gradually. The maximal temperature is minimum after 20 s. Here, the jet regime ends because the exhaust is fully trapped now by the wing-tip vortices. After 20 s the temperature rises again because the vortex pair descends and its mass is heated adiabatically. For thorough discussions of the early wake dynamics and the strati cation effects upon the wake vortices, we refer to Refs. 10 and 12, respectively. Here we concentrate on the effect of turbulence.
As the time series reveal, turbulence drastically shortens the lifetime of the organized vortex pair: In case N the trailing vortex pair reaches the largest descent after 160 s (360 m) and still travels downward, whereas in the turbulent cases the vortices level off at 270 and 240 m, respectively. Moreover, in case N the ow becomes practically two-dimensional because the jet velocity u approaches zero monotonously. Hence, whereas strati cation effects can be studied by two-dimensional simulations, the ow is of course three-dimensional when turbulence is present: In cases B and A the turbulent uctuations trigger a three-dimensional development, visible by the increase of u, which ampli es the vortex decay. When u increases, it can no longer be associated with the jet velocity but re ects axial perturbations of the swirl ow, reaching the same magnitude as v and w. The onset of the vortex disintegration is also documented by the suddenly stronger increase of the pressure in the cores. In comparison with case B, we see that in the presence of atmospheric turbulence (case A) the vortices start to collapse earlier (after 80 s instead of 120 s).
Figures 2 and 3 depict the wakes of cases B and A in spanheight cross sections. After 87 s the primary wakes of all cases have traveled downward by 149 m. The descent velocity at that time is 2.2 m/s. Maxima of temperature (and species concentration) are found around the vortex cores. The relatively warm and buoyant material in the secondary wake moves upward with about 1 m/s. The atmospheric turbulence event has ceased completely in the meanwhile but was suf cient to trigger strong, largely extended and highly sheared axial uctuations u 4 . On the other hand, wake B shows only a very weak axial ow, mostly <0:5 m/s at that time (see also Fig. 1) . Differences between the states of wakes B and A become very pronounced after 146 s. In case B two counter-rotating vortices with a narrow area of downwash (owing to the reduced vortex spacing) can still be identi ed, but the organized vortex structure of case A at that position has dissolved, leaving a large area of a strong downwash. In both cases the downwash ow amounts up to ¡4:5 m/s. The vorticity component ! x of cases B and A is shown at various times in Figs. 4 (top views) , 5, and 6 (side views). At 87 s the two vortex tubes in B are still strictly antiparallel. They approach each other more and more, see Fig. 7 , and eventually small-scale disturbances appear. On the other hand, the vortices of wake A are already bent and start to link at 87 s. Later, vortex rings form, which still propagate downward. Obviously, we observe the onset and growth of the Crow instability in case A, whereas a larger-scale instability does not evolve in case B. In both cases, however, vorticity of the opposite sign relative to the main vortex is produced outside the primary wake by baroclinity because both wakes propagate downward in a stably strati ed atmosphere. 5 This secondary vorticity travels upward along the primary wake thereby detraining primary mass and exhaust, 7 which eventually forms the secondary wake up to the ight level. The primary wake in case B and the surrounding baroclinically produced vorticity manifest a compact and coherent ow ensemble for a longer time than in case A. During that time, the main vortices descend and approach each other. After 2 min, however, wake B suddenly explodes when the core of each primary vortex has grown to half its spacing distance such that the vortices touch; see Fig. 7 . Hence, they dissolve by direct interaction of their turbulent cores at small scales. For case A, a similar behavior is observed at x D 255 m (the linking section), whereas at x D 357 m (where the distance between the cores is maximum) each arm of the vortex ring seems to dissolve separately. This separate dissolution is triggered when baroclinically produced secondary vorticity is randomly entrained into each main vortex. 7 Figure 7 displays that in cases N, B, and A the vortices approach each other during their descent while their cores increase. Note that for wake B, D c and b reach similar values after 2 min, an evidence that the vortices touch. We anticipate a similar touching for case N after 160 s, however without the subsequent explosion of the vortices because no uctuations are present to trigger random asymmetries between the two main vortices in that case. Figure 7 shows further that the core diameter in case N develops »t 0:5 as predicted by theory. The t of the growth rate of the core diameter to the analytical solution of the decaying potential vortex delivers an effective Reynolds number based upon circulation of 7400. (Note that the molecular Reynolds number in a LES is in nity.) We remark that the use of numerical advection and diffusion schemes of higher order than second order (which we used) will diminish numerical diffusion, especially inside the vortex cores, and, thus, achieve higher effective Reynolds numbers. Nevertheless, from a very recent comparsion of computer codes (to be published elsewhere) we know that the numerical data presented here and the conclusions drawn are only minimally affected by the Reynolds number.
V. Exhaust Species Distribution
The vortex structures in Fig. 4 are similar to the structures of the exhaust plume in Fig. 8 , which shows the species concentrations at the respective heights of the primary wake. The exhaust cloud of wake B remains well con ned and smooth for 2 min followed by a sudden enlargement when the vortex cores touch and explode. Through the whole evolution the exhaust remains linearly oriented. On the other hand, the evolving large-scale instability in case A interrupts the former line-oriented exhaust and forms almost circular patches in the horizontal projection. Such mammatuslike cloud structures, which are often observed in condensation trails, 1 ;10 are always combined with strong downward winds (downdrafts); see the downwash of case A in Fig. 3 that occurs inside a vortex ring (Fig. 4) .
VI. Comparison with Measured Data
The setup of the LES was oriented on in situ measurements in wakes behind B-747 airliners. On 13 November 1994 the DLR research aircraft Falcon encountered the primary wake of a cruising B-747 airplane-clearly noticeable by the accelerations experienced by the Falcon-at the plume age of 82 s and 145 m below ight level. 21 This is in excellent agreement with all simulated cases, which yield 140 § 4 m at that time (Fig. 1) . Figure 9 shows that the highest concentrations have been observed and simulated in the primary wake, whereas lower values were sampled in the secondary plume. Moreover, the Falcon measured a temperature excess of 0.8 K and a CO 2 concentration of 4:6 £ 10 ¡4 c 0 in the primary wake after 82 s. The simulations yield respective values of 0.7 K and 2:2 £ 10 ¡4 c 0 . A more detailed analysis of the exhaust dilution is given in Ref. 1. Similar data have been found in 1-to-3-min-old aircraft plumes during other measurements. 22 Figure 10 displays such data taken when the Falcon crossed a 1-min-old wake of an airliner. In the signals of temperature and (even better) of humidity, the two vortex cores that isolate the trapped exhaust from the ambient air can clearly be recognized. Again the temperature is about 1 K higher than in the ambient air. This fact puzzled the investigators because they assumed complete diffusion of the exhaust heat after that time. However, our simulations corroborate the measurement and indicate that this temperature excess is caused by the adiabatic heating of the encapsulated air mass in the primary vortex wake, which trails downward in a stably strati ed atmosphere. From the LES data (Fig. 1) , we can now predict that even higher temperatures (2 K) may be measured after 2.5 min and about 1 K again in a 4-min-old plume (case B). With the same data 22 the investigators demonstrated further the evidence for the intact counter-rotating vortex pair, i.e., they measured within or toward the end of the vortex regime and found swirl velocities of 6.5 m/s. This value matches our LES data, which lie between 5.5 and 7.5 m/s after 60 s, very well. Finally, we note that the measured temperature and humidity signals in Fig. 10 indicate, although somewhat scattered, a separation of the two vortices of about 40 m after 1 min. This again corroborates our LES result of the vortex spacing (see Fig. 7 ) and, according to our computations, may indicate that the vortex spacing indeed is reduced during the wake evolution, an issue that is still controversial.
The atmospheric turbulence signature imposed in case A is typical for ight tracks at cruising altitude even in situations with wind shear up to 0.006 s ¡1 (Refs. 17 and 19); therefore, wake A may resemble a typical case. After 2.5 min still strong and highly intermittent downwash velocities up to ¡4:5 m/s prevail inside the vortex rings (see Fig. 3 ). This may give a hint in explaining pilots' observations of unusually strong turbulence that they encounter when following or crossing the track of an airplane several miles ahead. Finally, the computed turbulence remainder of the vortex ow with peak values of 1-2 m/s in a 5-min-old wake (see case B in Fig. 1 ) is also corroborated by numerous observations.
Measurements of aircraft wakes in the NASA Ames Research Center wind tunnel revealed a sudden increase in the velocity peaks in the mature wake ow for a short time interval. 23 Our simulations also show a quick velocity increase in all components during the onset of the vortex collapse ( Fig. 1; case B at 120 s, case A at 85 s). These peaks originate from the superposition of the mean swirl ow and the growing uctuations.
VII. Conclusions
By means of LES, we presented the wake dynamics of a subsonic aircraft (B-747) cruising in a stably strati ed atmosphere from wake ages between 1 s and 5 min. We considered three cases: no turbulence at all (N), aircraft boundary-layer turbulence (B), and weak atmospheric turbulence (A) as a typical case of a slightly bumpy segment along ight tracks in the region of the atmosphere's tropopause. Within that dynamical frame, the distribution of the exhaust concentration has been described qualitatively. The LES show signi cant differences in the life paths of aircraft wakes depending on the character of imposed turbulence. During the vortex regime, all wakes descend and develop a secondary wake caused by detrainment of air and exhaust mass from the primary wake. The detrainment is caused by baroclinity and enhanced by turbulence. However, size and texture of the secondary wakes and, dynamically more important, the evolutions of the primary wakes differ substantially: After 1.5 min, wake A is about to lose its primary structure because it starts to become sinusoidally unstable (Crow instability). The vortex tubes link and form rings, and the continuous trail of exhaust (e.g., contrails) is reorganized in a row of single puffs. Therefore, this wake is about to enter the dissipation regime as its primary coherent structure dissolves. Wake B, in contrast, is still in the vortex regime at that time and enters the dissipation regime well after 2 min when the approaching vortex cores touch. It does not experience a large-scale instability, and the exhaust cloud extends almost linearly along the ight track.
We draw the following conclusions.
Compared with the imposed boundary-layer turbulence, the atmospheric perturbations are between 5 and 10 times less intense but have larger length scales (on the order of the aircraft span); therefore, we have to associate the quicker decay of wake A relative to wake B to the action of the atmospheric eddies. They are weak in amplitude but have a length scale that deforms the initially parallel vortex tubes a little by relative advection, which leads to different vortex spacings along the ight path. Once distorted at that scale, the vortex-induced velocities amplify the disturbance according to Crow's instability mechanism, and the primary wake structure dissolves. Because a small axial gradient in vortex spacing is suf cient to trigger the Crow instability, the mechanism is robust to any kind of disturbance as long as the disturbance (background atmospheric turbulence) has the proper length scale of the order of the span of the aircraft.
When an airplane encounters strong atmospheric turbulence patches like in clear-air turbulence, the wing-tip vortices erode earlier and quicker by direct interaction of the vortices with the atmospheric eddies, 2 possibly triggered by vortex bursting. On the other hand, increasing the boundary-layer turbulence to as much as 60% of the maximum swirl does not signi cantly accelerate the decay process because this perturbation remains located at the vortex core radius. Hence, even large disturbances at the scale of the vortex core do not induce unstable modes ef ciently. These results seem to corroborate previous studies 4 where large-scale and smallscale (ambient) turbulence also triggered different mechanisms of decay.
Our LES nally showed that the vortices level off at about 270 § 30 m, depending on the state of turbulence. As pointed out by a referee, this result may be of interest with respect to the recent rule change allowing reduced vertical separation minima (RVSM) in the North-Atlantic ight corridor. Airplanes ying East and West are now vertically separated by 305 m (1000 ft). This nominal separation may vary in reality by a few decades of meters, which, hence, could well explain the recently increasing number of reports of wake-encountering airplanes under cruise.
